Transitivity and dense periodic points are two ingredients of Devaney chaos. Locally everywhere onto, totally transitivity and mixing are other chaos notions which are stronger than transitivity and have been studied widely. In this paper, we will look at other recently introduced chaos notion, which is stronger than dense periodic points. This paper will examine the role of the strong dense periodicity on some shifts spaces.
Introduction
A discrete dynamical system is a way of describing the passage in discrete time of all points in a given space, . A continuous function, describe the rule of changes of each point. Therefore we can defined a discrete dynamical system by a pair of ( , ) . We analyze its dynamical behavior to determine whether the system settles down to equilibrium, keeps repeating in cycles, or does something more complicated.
Chaotic dynamical system is an unpredictable system, which can be found within complicated dynamical system, as well as the almost trivial system. Various attempts have been made to give the notion of chaos a mathematically precise meaning, but chaos is not easy to define and there is no universally agreed definition of chaos. While up to the end of the eighties the subject of chaotic dynamics was restricted mainly to research-oriented publications by Devaney [3] , where his famous definition of chaos was (A dynamical system ( , ) is said to be Devaney chaotic if it satisfies; is topologically transitive, the periodic points of is dense, and posses sensitive dependence on initial conditions or simply (SDIC). However, SDIC is redundant since the first two ingredients of Devaney chaos imply SDIC [1] . has sensitive dependence on initial conditions if there exists > 0 such that for any ∈ and neigborhood of , there exists ∈ and > 0 such that ( ( ), ( )) > .
In spite of its high usage, Devaney chaos may appear on a very trivial system, which seems that Devaney chaos is not significant enough to describe a chaotic dynamical system. Therefore, some stronger chaos properties have been introduced to describe chaos precisely. They are locally everywhere onto, totally transitive, topologically mixing, (weakly and strongly) blending, and dense for all . Locally everywhere onto, totally transitive and topologically mixing are stronger than transitivity and their role on chaos theory have been discussed widely in literature [4, 7, 10] . Definition 1.6. ( [5] ) For a space , we say that it has dense for all ∈ ℕ if the set of periodic points in is dense, where the set is defined as = { ∈ : is a periodic point of prime period for some ≥ }.
This notion was firstly introduced in 2015 [5] and as far as we know, there is no other stronger dense periodicity property introduced to describe chaos. The identity map has dense periodic points but is not transitive. Having only fixed points become an obstacle for the system to be chaotic. Motivated by this example, it is important to highlight the stronger dense periodicity property, dense for all . They show that for a system without any isolated point, this property is equivalent to Devaney chaotic. On the interval they shown that if is a continuous function from a closed interval to itself, has dense for all , then there is a decomposition of the interval into closed subintervals on which either or 2 is Devaney Chaotic.
The Dynamics of 1-Step Shift of Finite Type Over Two Symbols
In this section, we will consider all spaces of 1-step shifts of finite type and look at its dynamics. with set of forbidden block ℱ 1 = {00}, ℱ 2 = {01}, ℱ 3 = {00,01}, ℱ 4 = {00,10}, ℱ 5 = {00,11}, and ℱ 6 = {01,10} respectively [2] . Equipped with ℱ is a continuous map : Σ 2 → Σ 2 defined by ( 0 1 2 ⋯ ) = 1 2 3 ⋯. The map simply shifts every element in Σ 2 one step to the left and deletes the first entry of the element (sequence). The metric on ℱ is ( , ) = { 0 = 2 − ≠ where ∈ ℕ is the minimal number such that ≠ , for every pair , ∈ Σ 2 . Therefore ⊂ ℱ is an open ball whenever there is a block = 0 1 ⋯ −1 of size such that = { ∈ ℱ : 0 1 2 ⋯ −1 = }. Then we extend the result in [2] by determine the property of dense for all for each space. ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ∈ is a periodic point of period . Hence, it has proved our claim. Now we want to show the existence of a periodic point of prime period at least , for every integer . Let = , where = 0 1 … −1 and ∈ ℕ. Since the periodic points are dense in 1 , there exists ∈ such that is a periodic point of period , and > ( is not necessarily prime period for ). Let us assume that is not a fixed point i.e., ≠ 111 ̅̅̅̅̅ . If is a fixed point, then take another point 0 1 … −1 01 ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ∈ . Let us define a periodic point in as follows
where we choose long enough > . Then + ( ) = . We claim that + is the prime period of . We will prove that by contradiction. Suppose that ( ) = , where < + . Let < , then
Since > , then 0 1 … −1 = 11 … 11, and = 11 … 11 ̅̅̅̅̅̅̅̅̅̅̅ which is a fixed point, but this is not possible since ≠ 111 ̅̅̅̅̅ , which is a contradiction. Hence + is the prime period of . Now let ≥ , i.e. = + < for some integer . Then ̅̅̅̅̅̅̅̅̅̅ is a fixed point, which is a contradiction. Hence + is the prime period of and therefore it has dense for all .
For 2 = ℱ 2 , since 01 is not allowed then 2 does not contain any periodic point. Therefore the periodic points are not dense, and then 2 does not posses dense for all .
For 3 = {11 ̅̅̅̅ }, since it is a trivial shift of finite type, then it does not posses dense for all . [4] . However, the above result is not necessarily true for other general spaces.
dense for all on Shifts of Finite
This section is devoted to the implication of the strong dense periodicity on shifts of finite type. Before we go further on the results, let us recall some definitions and results in [8] , which is a generalization of what have been discussed earlier in the previous section.
The full − shift, Σ is the collection of all infinite sequences of symbols 0,1, ⋯ , − 1 i.e. Σ = { = { } ∈ℕ : ∈ {0,1, ⋯ , − 1} for all ∈ ℕ}. The map acting on Σ is the shift map . A shift of finite type is an invariant subset of Σ which can be described by a finite set of forbidden blocks, i.e. a shift space having the form ℱ for some finite set ℱ of blocks [8] . If we described the shift space be a finite set of forbidden blocks ℱ of length + 1, then we call ℱ as an -step shift of finite type. The metric on Σ is as defined earlier in the previous section.
For a shift of finite type X ⊂ Σ and ≥ 2, the higher block presentation of is a subset of ( ( )) ℕ where ( ) is a collection of all allowed -blocks of X . We define the − ℎ higher block code, : → ( ( )) ℕ by ( ( )) = +1 … + −1 . Let us denote ( ( )) as the − ℎ symbol of ( ( )) , then ( ( )) = + for all integers ∈ ℕ and = 0,1, . . , − 1. Thus replaces the − ℎ coordinate of with the block of coordinates in of length starting at position . Conversely, let , ∈ such that ∈ 2 ( ) and be a positive integer. Let = 0 1 … be an − allowed block in and be the basic open set in generated by the block . By our assumption, there exist many blocks 0 , 1 , … , −1 with size at least such that 1 0 0 , 2 1 1 , … ,
are allowed. Therefore we can choose = −1 −1 … 1 1 0 0 , a block with size > such that = ̅̅̅̅ is a periodic point in with prime period > . So, has dense for all . ▄ Corollary 3.6. Let ⊆ be a 1-step shift of finite type with dense for all . For ∈ , there exist , ∈ such that ≠ , ≠ (possibly = ) and is allowed. Proof. Let ∈ . If is allowed, Lemma 3.5 shows that there exist a block such that consist of at least two different symbols and is allowed. Without loss of generality, let us assume that consists of only two different symbols,
and . This implies that either or is allowed. Therefore or is allowed, which completed the proof whenever is allowed. If is not allowed, symbols and which satisfies ∈ 3 ( ) must exist, otherwise is forbidden in . ▄ To show that is dense for all implies transitivity on shift of finite type ⊂ , we firstly justify this argument in the case of = 2 and = 3. Lemma 3.7. Let ⊆ be a 1-step shift of finite type. is transitive on iff for every , ∈ , there exist a block ∈ ( ) such that ∈ ( ) whenever ∉ 2 ( ).
Proof. Let be transitive and , ∈ such that ∉ 2 ( ). By transitivity there exist ∈ and ∈ such that ( ) = . Since is not allowed, ≥ 2 and therefore = = … where ∈ −1 ( ) . Let and be any two disjoint basic open subsets of and ∈ ( ) and ∈ ( ) with −1 = and 0 = . If is allowed then there exists ∈ such that = … and therefore ( ) ∈ . If is not allowed, we let ∈ ( ) such that ∈ ( ). Therefore there exist ∈ such that = … and therefore Proof. The case for = 2 and = 3 are shown in the previous propositions. Therefore we will be using the induction method to show that it is true for all .
So, let us assume that if a 1-step shift of finite type ⊆ has dense for all , then is transitive. We aim to show that a 1-step shift of finite type ⊆ +1 with dense for all is transitive. For ∈ {0,1, … , } let us define ⊂ as a shift space over the alphabets {0,1, … , } ∖ { } such that for all , ∈ {0,1, … , } ∖ { }, is allowed in iff either is allowed in or is also allowed in . We claim that is a subshift of finite type over alphabets and has dense for all . is a subshift of finite type since every forbidden block in is also a forbidden block in and therefore has a finite number of forbidden blocks. 
